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Recently, it has been shown (Harris and Maricq, 2002) that soot particle size distributions from various types of diesel engines,
running on different fuels under a wide range of operating conditions, can be approximated by a “signature distribution” when
the number-based particle size distribution (PSD) is normalized with respect to the total particle number concentration and the
particle size is scaled with respect to the mean particle size. Harris and Maricq (2002) have also shown that the shape of the
measured “signature” PSD is close to that predicted by the steady-state solution of the aggregation-fragmentation equation with
Brownian coagulation in the continuum regime. The fractal dimension of soot aggregates was assumed to be Df = 2 and a binary 
fragmentation of the soot aggregates into equal-sized fragments was assumed with a rate proportional to the size of the
aggregate raised to the exponent 1/Df. To reach this conclusion 15000 size classes were employed to solve the population
balance equation. The purpose of the present work is to study the problem incorporating a more-physically motivated
fragmentation mechanism and accounting for the relative magnitude between aggregation and fragmentation (or equivalently for 
the extent of coagulation as given by the measured number of primary particles in the aggregates). In addition, a theoretical
analysis in the large aggregate (continuum) limit is performed that obtains analytically the shape of the steady-state distribution.

Soot aggregate size distributions have been measured in the exhaust of modern turbo-charged direct injection diesel engines,
employing a Scanning Mobility Particle Sizer (SMPS) and a Long Path Multiwavelength Extinction (LPME) analyser as described in
Nikitidis et al. (2001). The experimental set-up is shown below. The resulting size distributions have been plotted in the
coordinates suggested by Harris and Maricq (2002).

To make a clear connection to the extent of coagulation, the particle size metric employed in the present work is the number of
primary particles per aggregate, i. This is determined from the aggregate mobility diameter using an average primary particle
diameter of 32 nm, as determined from independent soot cake permeability measurements and a soot aggregate fractal
dimension of 2.4 (Park et al., 2003). The method has been described in Nikitidis et al (2001). Some of the transformed
distributions are shown below.  These transformed distributions deviate from a universal shape especially for smaller aggregate
sizes in the range below 100 nm (consisting of about 30 primary particles and less).  Notably carbonaceous aggregates
(predominantly from diesel combustion sources) found in the atmosphere typically contain less than about 250 primary particles
(Xiong and Friedlander, 2001). 
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Employing a physically motivated oxidative fragmentation mechanism and the laws of fractal aggregate
coagulation it is possible to parameterise the shape of the size distribution of diesel soot particles in terms of the 
dimensionless number Z, which expresses the relative magnitude of fragmentation and coagulation processes.
In the continuous (large aggregate) limit the shape of the size distribution does not depend on Z but only on the 
fragmentation exponent, b and it is obtained analytically, substantiating observations based on recent
computationally intensive numerical simulations.  The analytic results in this limit support the choice of the
random binary fragmentation mechanism since it is the only mechanism that gives values consistent with the
experimental value of 1.89 and this occurs for a b = 0.42 or equivalently Df = 2.4.
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where ν is the number of fragments resulting from the
fragmentation and J2 is the second moment of the
homogeneous fragmentation kernel. For random binary
fragmentation J2 = 2/3 and ν = 2 leading to the simple
result:                         . In this limit a number of results is 
now rigorously proven:

the non-dependence of the distribution on Z supporting
the numerical observations of Harris and Maricq (2002).

the insensitivity of the distribution on the coagulation
kernel in the continuum regime.

the small sensitivity of the distribution on the
fragmentation exponent.

The figure on the right shows the dependence of σg for
different fragmentation modes on the fragmentation
exponent b.

)1(2/)6ln(ln bg +=σ

∑∑∑
∞

+=

∞

=

−−−

=
−

−− −−
−

+++−−+−+=
1ij

1,ii

D/1

j

D/1

1j
j

D/1D/1D/1D/1

i

1i

1j
jij

D/1D/1D/1D/1i 1(nZin
1j

j2
Zn)ij)(ij(nnn])ji(j][)ji(j[

2
1

d
nd f

f

ffffffff δ
τ

   (1)

where di,j is Kronecker’s delta,
oii N/nn = , ni is the concentration of aggregates consisting of i primary particles (i-

mers),
oN  is the total concentration of primary particles, tNB oo=τ , t is time, )ji)(ji(BB ffff D/1D/1D/1D/1

oj,i ++= −−  is the 
coagulation rate between the i-mers and j-mers for Brownian coagulation of fractal aggregates in the continuum
regime, with µ3/Tk4B Bo = , kB, T and µ are Boltzmann’s constant, the temperature and the gas viscosity respectively. 
Si is the fragmentation frequency of an i-mer, fD/1b

i AiAiS == , )1j/(2C j,i −= , the fragmentation kernel for binary
random fragmentation and the parameter

oo NB/AZ = . The system of equations (1) is truncated at a large enough
value of i and is integrated numerically until a steady state is reached which is independent from the initial condition.
Obviously, the steady state size distribution is determined by just one parameter (i.e. Z). Three size distributions of
aggregates in terms of

in based on experimental measurements at three steady state engine operating points: (1500
rpm, 75 Nm), (1500 rpm, 30 Nm), and (2400 rpm, 91 Nm) and the theoretical size distribution for Z=0.0015, 0.005 
and 0.01 respectively, are shown below.

Fragmentation of the soot aggregates is assumed to occur due to the surface oxidation of the small solid
contacts responsible for holding the primary particles together in the aggregate. As the contact “necks” are
much smaller than the primary particle size, fragmentation can occur before significant reduction of the primary 
particle size takes place. The neck sizes (i.e. the contact areas) are assumed to follow a uniform size distribution 
and to be spatially distributed randomly over the aggregate. Consequently the necks are disappearing
continuously, potentially creating at each instant two random-sized fragments.  In other words the physically
based neck oxidation mechanism leads to a continuous, binary random fragmentation process. The number of
bonds (necks) in the aggregate increases with the size of the aggregate but as the aggregate becomes more
open (i.e. with a smaller fractal dimension) the possibility of oxidation of an interparticle bond to lead into the
fragmentation of the aggregate increases. This behaviour can be conveniently represented by a fragmentation
rate proportional to the number of primary particles with a fragmentation exponent b = 1/Df as used by Harris
and Maricq (2002). The evolution of the concentration of the aggregates undergoing simultaneously aggregation 
and break-up is given in dimensionless form by (1):

MATHEMATICAL MODEL

If the steady-state size distribution is such that its characteristic aggregate size is much larger than the primary
particle (monomer) size or equivalently it contains a small number of oligomers, a continuous population balance 
can be applied. This limit corresponds to the numerical solutions with 15000 size classes obtained by Harris and
Maricq (2002). It can be shown that invoking a lognormal assumption it is possible to obtain analytically the
geometric standard  deviation, of the size distribution as:
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σg dependence in the continuum limit on b
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